Quantum chaos: an introduction via chains of interacting spins-1/2
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This work introduces aspects of quantum chaos by focusing on spectral statistical properties and structures
of eigenstates of quantum many-body systems. Quantum systems whose classical counterparts are chaotic have
properties that differ from those of quantum systems whose classical counterparts are regular. One of the main
signatures of what became known as quantum chaos is a spectrum showing repulsion of the energy levels.
Here, we show how level repulsion may develop in one-dimensional systems of interacting spins-1/2 which are
devoid of random elements and involve only two-body interactions. Chains of interacting spins-1/2 are prototype
guantum many-body systems. They are used to study subjects as diverse as quantum computing, quantum phase
transition, quantum transport, and quantum control. Nonetheless, they are simple enough to be accessible to
students. In addition to the statistics of eigenvalues, we analyze also how the structure of the eigenstates may
indicate chaos. We make available online all computer codes used to obtain the data for the figures. This should
allow students and professors to easily reproduce our results and to further explore new questions.

I. INTRODUCTION

Classica chaos is related to the extreme sensitivity of the
dynamics of a system to its initial conditions, a concept that
can be traced back to Poincaré [1]. In his words, ‘A small
error in [the initial conditions] will produce an enormous er-
ror in the [final phenomena]. Prediction becomes impossi-
ble.... The main features of classically chaotic systems can
be well illustrated with dynamical billiards. A dynamical bil-
liard may be thought of as a billiard table with no friction
where a particle reflects elastically from boundaries that can
have any shape. The motion of the particle bouncing around
is represented in phase space by atrajectory whose evolution
isrestricted to a surface of constant energy. Depending on the
shape of the billiard, the system may become chaotic. This
means that two trajectories with very close initial conditions
will diverge exponentially in time. The rate of this separation
is characterized by the so-called Lyapunov exponent [2]. The
trajectories may become ergodic, as well. Ergodicity implies
that after a long time the particle will have visited the entire
surface of constant energy. Equivalently, we may say that af-
ter along time, the particleis equally likely to be foundin any
point of the accessible phase space.

In the quantum world, the notion of phase-space trgjecto-
rieslosesits meaning due to Heisenberg uncertainty principle.
Nevertheless, since classical physicsisbut alimit of quantum
physics, as stated by the correspondence principle, it is natu-
ral to search for quantum signatures of classical chaos. This
is the subject of what became known as quantum chaos [3-5].

Quantum chaos is a very broad subject area. Our inten-
tion here is not to review the whole subject, but to focus on
a particular aspect of it, namely the studies of spectral statis-
tics and structures of eigenstates of quantum many-body sys-
tems as they transition from the regular to the chaotic domain.
However, as a preparation for our goal, we give in the next
paragraphs a brief idea of some of the important topics of the
field (more details may be found in the books [6-9] and in the
articles cited below).

Quantum chaos encompasses, for instance, semiclassical
theories aiming at establishing direct links between the trgjec-
toriesof classically chaotic systems and the propertiesof these

systems in the quantum limit. Main advances in this direc-
tion were achieved by the periodic-orbit theory. This theory
provides away to compute the spectrum of a quantum system
fromitsclassical periodic orbits (trgjectoriesthat repeat them-
selves after a period). An excellent first introduction to the
subject was written by Gutzwiller [4], a pioneer of thisline of
research. Gutzwiller’'s method allowed for the devel opment of
atheory of ‘scars' [9, 10]. Scarsrefer to the interesting struc-
ture of some eigenstates, which concentrate along the classical
periodic orbits of chaotic systems. They were systematically
studied by Heller [11] and the first experimental observations
occurred in quantum billiards [3]. Quantum billiards obey the
laws of quantum mechanics and correspond to minituarized
versions of dynamical billiards.

Another important step towards the devel opment of a quan-
tum chaos theory came from the verification that the distri-
bution of the spacings between neighboring energy levels of
a quantum billiard depends on the hilliard’s classical coun-
terpart [5, 12-14]. If the latter is chaotic, the energy levels
are highly correlated and repel each other; if it is regular (in-
tegrable), the energy levels are uncorrelated, randomly dis-
tributed, and can cross. Level repulsion became seen as one
of the main features of quantum chaos. It was observed in var-
ious other quantum systems, such as atomsin strong magnetic
fields [3], systems of coupled particles[7-9, 15], and evenin
distributions of prime numbers[16].

In this article we focus on systems of coupled particles,
more specifically quantum systems of many interacting parti-
cles, the so-called quantum many-body systems. Most of the
systems studied in molecular, solid-state, and nuclear physics,
involvemany interacting particles. A common approach when
dealing with such systems is to ignore details about the in-
teractions and treat them statistically with random matrices.
The idea behind is that when the interactions are strong and
the behavior of the system sufficiently complex, generic prop-
erties should emerge. This was the path taken by Wigner
in the 1950s [17], in his efforts to describe the spectrum of
heavy nuclei. He employed matrices filled with random ele-
ments whose only constraint was to satisfy the symmetries of
the system. The level spacing distributions of these matrices
showed level repulsion and agreed surprisingly well with the
data from actual nuclei spectra. Later, when level repulsion



was aso verified in billiards, as mentioned above, a connec-
tion between quantum chaos and random matrices became es-
tablished. Soon after the introduction of random matrices in
nuclear physics, they were employed aso in the analysis of
the spectrum of other quantum many-body systems, such as
atoms, molecules, and quantum dots [ 7-9, 15, 18, 19].

The application of random matrix theory is not restricted
to statistics of eigenvalues, but accommodates also studies of
eigenstates. Eigenstates of random matrices are random vec-
tors, that is their amplitudes are random variables [20, 21].
All the eigenstates look similar, they spread through all basis
vectors with no preferences and are therefore ergodic.

Despite the success of random matrix theory in describ-
ing spectral statistical properties, it cannot capture details
about real quantum many-body systems. The fact that ran-
dom matrices are completely filled with statistically indepen-
dent elements implies infinite-range-interactions and the si-
multaneous interaction of many particles. Rea systems, on
the other hand, have few-body (most commonly only two-
body) interactions, and are usually dominated by finite-range-
interactions. A better picture of systems with finite-range-
interactions is provided by banded random matrices, which
were studied by Wigner himself [22]. Their off-diagonal ele-
ments are still random and statistically independent, but they
are non vanishing only up to a fixed distance from the diago-
nal. There are also ensembles of random matrices that explic-
itly take into account the restriction to few body interactions,
so that only the elements associated with those interactions
are nonzero; an example is the Two-Body-Random-Ensemble
(TBRE) [23-25] (seereviewsin Refs[21, 26]). Other models
that describe systems with short-range and few-body interac-
tions do not even include random elements, such as nuclear
shell models [27] or the systems of interacting spins that we
study in this article. All matrices mentioned above may still
lead to quantum chaos in the sense of exhibiting level repul-
sion, but differences with respect to random matrices are ob-
served. For instance, eigenstates of random matrices are com-
pletely spread (delocalized) in any basis, whereas the eigen-
states of systems with few-body interactions may delocalize
only in the middle of the spectrum [26-30].

Here, we study a one-dimensional system of interacting
spins-1/2, where random elements are nonexistent. The sys-
tem involves only two-body interactions taking place between
nearest-neighbors and, in certain cases, also between next-
nearest-neighbors. Depending on the strength of the cou-
plings, the system may develop chaos. The onset of chaos
is identified by computing the level spacing distribution. We
also compare the level of delocalization of the eigenstates in
the integrable and chaotic domains. It is significantly larger in
the latter case, where the most delocalized states are found in
the middle of the spectrum.

Chains of spins-1/2 are accessible systems and may be em-
ployed to expose students to a multitude of subjects. In addi-
tion to the crossover from integrability to chaos, they may be
used, for example, to introduce current topics of research such
asthe metal-insulator transition, quantum phasetransition, en-
tanglement, spintronic and methods of quantum control. They
have been considered as model sfor quantum computers, mag-

netic compounds and have recently been simulated in optical
lattices [31-33].

The paper is organized as follows. Section Il provides a
detailed description of the Hamiltonian of a spin-1/2 chain.
Section |11 explains how to compute the level spacing distri-
bution and how to quantify the level of delocalization of the
eigenstates. Section IV discusses how remaining symmetries
of the system may hinder the signatures of chaos even when
the systemis chaotic. Concluding remarksaregivenin Sec. V.

Il. SPIN-1/2 CHAIN

We study a one-dimensional spin-1/2 system (spin-1/2
chain) described by the Hamiltonian

H = H, + Hyn, 1)

where
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Above, 7 is set equal to 1, L is the number of sites, and
SEYE = g=¥:# /2 arethe spin operatorsat siten, o*¥* being
the Pauli matrices. Theterm H , givesthe Zeeman splitting of
each spin n, as determined by a static magnetic field in the
z direction. A spin up in the z direction is indicated as | 1)
or with the vector (}) and a spin down | |) with (). An
up-spin on site n_has energy +w,, /2, while a down-spin has
energy —w,, /2. A spin up corresponds then to an excitation.
All sites are assumed to have the same energy splitting w, ex-
cept a single site d, whose energy splitting w + ¢4 is caused
by amagnetic field slightly larger than the field applied on the
other sites. Thissiteisreferred to as the defect.

The second term, Hyy, iS known as the XXZ Hamilto-
nian. It describes the couplings between nearest-neighbor
(NN) spins; .J..,, isthestrength of theflip-flopterm S7.S7 | +
SySy . | and J, the strength of the Ising interaction S2S7 ;.

Theflip-flop term exchanges the position of neighboring up
and down spins according to

ny(SrfSrf+1 + S:‘{Sg+1)| Tn¢n+1> = (ny/2)| $7LT7L+1>

or, equivaently, it moves the excitations through the chain.
Notice that we have assumed open boundary conditions, as
indicated by the sum in Hyny which goes fromn = 1 to
site L — 1. This means that an excitation in site 1 (or L)
can only move to site 2 (or to site L — 1). The scenario of
a ring where an excitation on site L. can also move to site 1
corresponds to closed boundary conditions and is mentioned
briefly in Sec. 1V.

The Ising interaction implies that pairs of parallel spins
have higher energy than pairs of anti-parallel spins, that is

JZS'rZLS’rZ7,+1| TnTn—&-l) = +(Jz/4)| TnTn+1>7 (2)



whereas

JZSTZLS'IZL+1| TnJ/n—H) = _(JZ/4)| Tn$71/+1>- (3)

For the chain described by H (1), the total spin in the z di-
rection, % = Y| S, isconserved, i.e. [H, S*] = 0. This
isasymmetry of the system. It meansthat the total number of
excitations is fixed; the Hamiltonian cannot create or annihi-
late excitations, it can only move them through the chain.

In order to write the Hamiltonian in the matrix form and
then diagonalize it to find its eigenvalues and eigenstates, we
need first to choose a basis. The most natural choice is the
one we have used so far to describe the terms of H, which
correspondsto arrays of up and down spinsin the z-direction.
We refer to it as the site-basis. In this basis, H, and the lsing
interaction contribute to the diagonal elements of the matrix,
whereas the flip-flop term leads to the off-diagonal elements.

In the absence of the Ising interaction, the excitations move
freely through the chain. In this scenario, eigenvalues and
eigenstates may be analytically found. The existence of an
analytical method to find the spectrum of a system guaran-
teesitsintegrability. The addition of the Ising interaction may
eventually lead to the onset of quantum chaos. The source
of chaosisthe interplay between the Ising interaction and the
defect [34].

To bring the system to the chaotic regime, we set J,, = 1
(arbitrary unit), choose J, = ¢ = 0.5 (arbitrary unit), and
place the defect on sited = | L/2]. This choiceis based on
the following factors. (i) The strength of the Ising interac-
tion cannot be much larger than J,.,,, because this would limit
the number of effectively coupled states. Basis vectors with
several pairs of parallel spinswould have energy much higher
than states with few pairs of paralel spins [cf. Egs.(2), (3)]
and J,,, would not be able to effectively couple them. Asa
result, the eigenstates would count with the participation of
a small portion of the basis vectors and would therefore be
localized. This contradicts the idea of chaotic quantum sys-
tems, where the eigenstates are delocalized. (ii) The defect
cannot be placed on the edges of the chain, because in this
case the system is till integrable [35]. (iii) The defect should
not be too large, because it would break the chain in two. By
this we mean an excitation on one side of the chain would not
have enough energy to overcomethe defect and then reach the
other side of the chain. In practice, we would be dealing with
two independent chains described by the XXZ model, which
isan integrable model [36, 37].

I11. QUANTUM CHAOS

We use the level spacing distribution to identify when the
system becomes chaotic. We analyze al so what happensto the
structure of the eigenstates once level repulsion setsin.

A. Level spacing distribution

The level spacing distribution is simply a histogram of the
spacings s of neighboring energy levels [7, 8, 15]. Energy
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levels of integrable systems are not correlated, they are not
prohibited from crossing, so the distribution is Poissonian,

Pp(s) = exp(—s). 4

In chaotic systems, the eigenvalues become correlated and
crossings are avoided; there is level repulsion and the level
spacing distribution is given by the Wigner-Dyson distribu-
tion, as predicted by random matrix theory. The form of the
Wigner-Dyson distribution depends on the symmetry proper-
ties of the Hamiltonian. Systemswith time reversal invariance
are described by Gaussian Orthogonal Ensembles (GOEs). A
GOE corresponds to an ensemble of real symmetric matrices,
whose elements H;; are independent random numbers from
a Gaussian distribution. The average of the elements and the
variance satisfy (H;;) = 0 and (H};) = 1+ d;;. The level
spacing distribution of a GOE is given by

Pwp(s) = (ms/2) exp(—ms® /4). ©®)

The Hamiltonian describing our system, H (1), isalso rea
and symmetric, so the distribution achieved in the chaotic
limit is the same Py p(s) above. However, as we said in the
introduction, not all features of a GOE can be reproduced by a
system with two-body interactions, as our own. The density of
states (histogram of energy levels), for instance, is Gaussian
for model (1) but semicircular for the GOE. The interested
reader may obtain these two shapes with the codes provided
in the supplementary material [43]. Another differenceis the
structure of the eigenstates, as further discussed in Sec.l11.B.
For GOEs, al eigenstates are similar and highly delocalized,
whereas for model (1), delocalization is restricted to the mid-
dle of the spectrum.

In order to obtain the level spacing distribution, we need
first to separate the eigenvalues according to their symme-
try sectors (subspaces). If we mix eigenvalues from different
symmetry sectors, we may not achieve a Wigner-Dyson dis-
tribution even if the system is chaotic. Thisis because eigen-
values from different subspaces are independent and therefore
uncorrelated, so they have no reason to repel each other. We
discuss further the danger of mixing eigenvalues from differ-
ent symmetry sectors in Sec.IV. For the moment, we only
need to remember that H (1) conserves S#. This symmetry
implies that the Hamiltonian matrix is separated into uncou-
pled blocks, each corresponding to a subspace with a fixed
number of spins pointing up. In the studies below, we select
a particular subspace with /3 up-spins and thus dimension
dim = LY/[(L/3)(L — L/3)!].

The second essentia step before computing the histogram
is to unfold the spectrum. The procedure consists of locally
rescaling the energies, so that the local density of states of the
renormalized eigenvalues is 1. This allows for the compari-
son of spectra obtained for different parameters and even for
different systems. In practice, there are different ways to un-
fold the spectrum. A simple and commonly used recipeisthe
following: (i) make sure the spectrum is ordered in increas-
ing values of energy; (ii) separate it into several smaller sets
of eigenvalues; and (iii) divide each eigenvalue by the mean
level spacing of its particular set. The mean level spacing of



the new set of renormalized energies becomes, of course, 1.
Since the density of statesis the number of states in an inter-
val of energy, that is the reciprocal of the mean level spacing,
this procedure ensures also that the local density of states is
unity. Thisrecipeisthe one used in the codes available in the
supplementary material [43].

In hand of the unfolded spacings of neighboring levels, the
histogram can now be computed. Notice that to compare it
with the theoretical curves, the distribution needs to be nor-
malized, so that itstotal areaisequal to 1.

Figure 1 shows the level spacing distribution for the cases
where the defect is placed on site 1 (left panel) and on site
|L/2]| (right panel). The first corresponds to an integrable
model and the distribution is Poissonian, while the second is
a chaotic system, so the distribution is Wigner-Dyson.

P
0.8
0.6

FIG. 1: (Color online.) Level spacing distribution for H (1) with
L = 15,5spinsup, w = 0, ¢4 = 0.5, J, = 1, and J. = 0.5
(arbitrary unit); bin size=0.1. Left panel: defect on sited = 1; right
panel: defect on site d = 7. Dashed lines: theoretical curves.

B. Number of principal components

We now proceed to investigate how the transition from a
Poisson to a Wigner-Dyson distribution affects the structure of
the eigenstates. In particular, we study how much delocalized
they arein both regimes.

In order to determine how much the eigenstates spread
in a particular basis, we look at their components. Con-
sider an eigenstate |1;) written in the basis vectors |£) as
;) = ”” 1 cir|€k). 1t will be localized if it has the partic-
ipation of few basis vectors, that isif few |c;x|? make signifi-
cant contributions. It will be delocalized if many |c;|? partic-
ipate with similar values. To quantify these ideas, we use the
sum of the square of the probabilities, |c;x|* (the sum of the
probabilities would not be a good choice, since normalization

implies "% |¢;x|? = 1), and define the number of principal
components (NPC) [27, 28] as
1
NPCi ~—dim | |4 (6)
St leinlt

NPC gives the number of basis vectorsthat contribute to each
eigenstate. It is small when the state is localized and large
when the state is delocalized.

For GOEs, the eigenstates are random vectors, i.e. the am-
plitudes ¢;;. are independent random variables. These states
are completely delocalized. Complete del ocalization does not

4

mean, however, that NPC=dim. Because the weights |c |2
fluctuate, the average over the ensemble gives NPC ~ dim/3
[27, 28].

To study NPC for model (1), we need first to choose abasis.
This choice depends on the question we want to address. We
consider two bases, the site- and the mean-field basis. The
site-basis is appropriate when analyzing the level of spatial
delocalization of the system. To separate regular from chaotic
behavior, a more appropriate basis consists of the eigenstates
of the integrable limit of the model, which is referred to as
the mean-field basis [27]. In our case, the integrable limit
corresponds to Hamiltonian (1) with J,,,eq # 0 and J, = 0.

In our numerics, we start by writing the Hamiltonian in the
site-basis. Let us denote these basis vectors by |¢;). In the
absence of Ising interaction, the diagonalization of the Hamil-
tonian leads to the mean-field basis vectors. They are given
by [¢x) = S bijlés). The diagonalization of the com-
plete matrix, |ncl uding Ising interaction, gives the elgenstates

inthe site-basis, |¢;) = E?Z} a;j|¢;). Using the relationship
between |¢;) and |¢;), we may also write the eigenstates of

thetotal H (1) in the mean-field basis as

dim [ dim dim
i) = Z Zambkg k) Zch|§k> )
k=1 \j=1 k=1

Figure 2 shows NPC for the eigenstates in both the site-
basis (top panels) and the mean-field basis (bottom panels)
for the cases where the defect is placed on site 1 (left pan-
els) and on site | /2| (right panels). The level of delocaliza-
tion increases significantly in the chaotic regime (right pan-
els). However, contrary to random matrices, the largest values
are restricted to the middle of the spectrum, the states at the
edges being more localized. Thisis areflection of the Gaus-
sian shape of the density of states of systems with two-body
interactions. The highest concentration of states appears in
the middle of the spectrum. It is there that strong mixing of
states can happen leading to widely spread eigenstates.
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FIG. 2: (Color online) Number of principal components for the
eigenstatesof H (1) vsenergy; L = 18,6 spinsup,w = 0, ¢g = 0.5,
Jzy = 1, and J. = 0.5 (arbitrary unit). Top panels. site-basis;
bottom panels: mean-field basis. Left panels: defect on sited = 1;
right panels: defect on sited = 9.

An interesting difference between the integrable and
chaotic regimes are the fluctuations of the values of NPC. For



theregular system (left panels) NPC shows large fluctuations,
whereas in the chaotic regime (right panels) NPC approaches
a smooth function of energy. The onset of chaos leads to the
uniformization of the eigenstates. Chaotic eigenstates closein
energy have similar structures and consequently similar val-
ues of NPC.

IV. SYMMETRIES

The presence of the defect breaks symmetries of the system,
which so far we did not have to worry about. In this section,
we remove the defect and have a closer look at them.

We refer to the system in the absence of defect (e, = 0) as
clean. Contrary to the defect-case, a clean spin-1/2 chain with
NN couplings remains integrable even when the Ising inter-
action is added. This system can be analytically solved using
a method known as Bethe ansatz [36]. A pedagogical intro-
duction to this method may be found in Ref.[37]. To drivethe
system to the chaotic limit, while keeping it clean, we need
to add further couplings. By considering couplings between
next-nearest-neighbors (NNNs) [38-41], the Hamiltonian be-
comes

H = Hyn + aHnnn, (8)
where
L—2
Hwww =Y [T, (S2S5, 5+ SUSH. ) + J.S;S: 5] -
n=1

For « sufficiently large (« = 0.2 when L = 15), there are
various scenarios where chaos may develop, which include:
(i) absence of Ising interactions, .J, = J. = 0; (ii) absence of
flip-flop term between NNNs, /7, = 0; (iii) absence of Ising
interaction between NNNs, J. = 0, and (iv) presence of all
four terms.

Depending on the parameters of H (8), however, we may
not obtain a Wigner-Dyson distribution even if the system is
chaotic. This happensif not all symmetries of the system are
taken into account [39, 41]. We have already mentioned con-
servation of total spin in the z direction. In the absence of
defect, other symmetries of H (8) include [42]:

e Parity. Parity may be understood by imagining a mirror
in one edge of the chain. For eigenstates written in the site-
basis, the probability of each basis vector is equal to that of
its reflection. For example, suppose we have L = 4 and one
excitation. The eigenstates are given by |v;) = an| T
)+ aio] L) +ais| L) 4 aia| L1IT). Theamplitudes will
either be a;1 = a;4 and a;2 = ay3 in the case of even parity,
or a;1 = —a;4 and a;2 = —a;3 in the case of odd parity. The
level spacing distribution needs to be independently obtained
for each parity sector.

e Spinreversal. If the chain has an even number of sitesand
L/2 up-spins, then S* = 0. In this sector, pairs of equivalent
basis vectors correspond to those which become equal if we
rotate all the spins from one vector by 180°. For example,

state | 1)J1) pairswith state | {111).

5

e Total spin. If the system is isotropic, i.e. all couplings
have the same strength, J.., = J, and J;,, = J., total spin,
5% = (3F_, 5,)2, is conserved.

Notice that in the case of closed boundary conditions, there
is also momentum conservation. The more symmetries the
system has, the smaller the subspaces become for a cer-
tain system size, which is not good for statistics. This ex-
plains why we chose open boundary conditions throughout
this work.

FIG. 3: (Color online.) Level spacing distribution for H (8) with
a = 0.5, Jyy = 1 (arbitrary unit); binsize=0.1. Panel (a): L = 14,
7 spinsup, J;, = J. = J. = 1; all eigenvalues of the subspace
S* = 0 are considered. Panels (b), (c), (d) and (¢): L = 15,5
spins up. The eigenvalues are separated according to the parity of the
corresponding eigenstates; P(s) isthe average of the distributions of
the two parity sectors. Panel (b): J;, = 1, J. = J. = 0.5. Panel
©: Jpy =1,J. = J, = 0. Panel (d): J;, =0, J. = J, =0.5.
Panel (e): J,, =1,J. =0.5, J, = 0.

In Fig. 3 we show the level spacing distribution for the four
chaotic systems described above, (i)-(iv). All panels deal with
eigenvalues of a single selected S*-sector. In panels (b), (¢),
(d), and (e), we circumvent the S* = 0 subspace by avoiding
chainswith an even number of sites. Wealso choose J . # J,,
to avoid conservation of total spin. In doing so, the only re-
maining symmetry is parity, which we do take into account.
The expected Wigner-Dyson distributions are then obtained.
Both panels (a) and (b) show results for a chaotic spin-1/2
chain from category (iv). Contrary to panel (b), pane (@)
mixes the three symmetries itemized above, which explains
why P(s) becomes a misleading Poisson distribution.

V. CONCLUSION

We provided a detailed explanation of how to compute the
level spacing distribution of a quantum system and used it to
verify when a one-dimensional system of interacting spins-
1/2 becomes chaotic. A simple recipe to unfold the spectrum
and the importance of taking into account the symmetries of
the system before making the histogram were discussed. We
also used the number of principal componentsto quantify the
level of delocalization of the eigenstates and to compare the
results for integrable and chaotic domains. The number of
principal components were computed in two different bases
and an expression to change the basis in which the eigenstates



are written was given.

Spin-1/2 chains are excellent models to introduce students
to basic concepts of linear algebra and quantum mechanics,
from matrix diagonalization to the time evolution of the wave
functions. They serve also as a starting point to explore vari-
oustopics of current research in physical, biological and com-
puter science. To motivate further studies and to facilitate the
understanding of the present paper, the computer programs
used to obtain the data for Figs. 1, 2, and 3 are available on-
line in [43]. There, the reader will also find codes to study

GOEs and suggestions for other exercises.
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